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A REMARK ON A THEOREM OF ERDO˝S
JAMES H. SCHMERL
Abstract. A theorem of Erdo˝s asserts that every infiniteX ⊆ Rn
has a subset of the same cardinality having no repeated distances.
This theorem is generalized here as follows: If (Rn, E) is an alge-
braic hypergraph that does not have an infinite, complete subset,
then every infinite subset has an independent subset of the same
cardinality.
Erdo˝s published the following theorem twice. It first appeared in
1950 in [1, Th. III] and then reappeared in 1978/79 in [2, Theorem 1]
where he remarks that he had proved it about 30 years earlier, but “the
published proof is obscure and not accurate.”
Theorem 1: Suppose that 1 ≤ n < ω. Every infinite X ⊆ Rn has
a subset Y ⊆ X such that |Y | = |X| and Y has no repeated nonzero
distances (i.e. whenever a, b, c, d ∈ Y are such that ‖a−b‖ = ‖c−d‖ >
0, then {a, b} = {c, d}).
Given a (k × n)-ary polynomial1 p(x0, x1, . . . , xk−1) (so that each
xi is an n-tuple of variables) and X ⊆ R
n, say that X is indepen-
dent (for p(x0, x1, . . . , xk−1)) if whenever a0, a1, . . . , ak−1 ∈ X are dis-
tinct, then p(a0, a1, . . . , ak−1) 6= 0. Let pn(x, y, z, w) be the (4× n)-ary
polynomial ‖x − y‖2 − ‖z − w‖2, and let qn(x, y, z) be the (3 × n)-
ary polynomial pn(x, y, z, y). For any infinite X ⊆ R
n, X has no
repeated distances iff X is independent for both pn(x, y, z, w) and
qn(x, y, z) or, equivalently, for their product pn(x, y, z, w) · qn(x, y, z).
Hence, Theorem 1 can be rephrased as follows: Every infinite X ⊆ Rn
has a subset Y ⊆ X such that |Y | = |X| and Y is independent for
pn(x, y, z, w) · qn(x, y, z). This suggests the question: Which (k × n)-
ary polynomials p(x0, x1, . . . , xk−1) have the property that every infinite
X ⊆ Rn has an independent subset Y ⊆ X such that |Y | = |X|? That
question is answered here in Theorem 2.
It is perhaps more apt to recast this question in terms of hypergraphs.
For any set X and k < ω, we let [X ]k be the set of k-element subsets
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1All polynomials considered here are tacitly understood to be over the reals R.
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of X . If 2 ≤ k < ω, then a k-hypergraph is a pair H = (V,E), where
V is its set of vertices and E ⊆ [V ]k its set of edges. By a hypergraph,
we mean a k-hypergraph, where 2 ≤ k < ω.2 If H = (V,E) is a k-
hypergraph and X ⊆ V , then X is independent if [X ]k ∩E = ∅, and
X is complete if [X ]k ⊆ E. A k-hypergraph H = (V,E) is algebraic
if there are n < ω and a (k × n)-ary polynomial p(x0, x1, . . . , xk−1)
such that V = Rn and E is the set of those {a0, a1, . . . , ak−1} ∈ [R
n]k
such that p(a0, a1, . . . , ak−1) = 0. We say that such p(x0, x1, . . . , xk−1)
defines H .
Thus, Theorem 1 asserts that certain algebraic 4-hypergraphs, namely
those defined by pn(x, y, z, w)·qn(x, y, z), are such that every infinite set
of vertices has an independent subset of the same cardinality. What
other algebraic hypergraphs have this property? Certainly, any hy-
pergraph having an infinite complete set of vertices would not. It is
easily seen (by Ramsey’s Theorem for 4-element sets) that none of the
hypergraphs defined by pn(x, y, z, w) · qn(x, y, z) has infinite (or even
arbitrarily large finite) complete sets of vertices. Thus, the following
theorem, our principal result, generalizes Theorem 1 by showing that
the existence of an infinite complete set is the only obstacle.
Theorem 2: Suppose that n < ω and H = (Rn, E) is an algebraic
hypergraph. The following are equivalent:
(1) There is a finite m such that whenever X ⊆ Rn is complete,
then |X| < m.
(2) If X ⊆ Rn is complete, then |X| < 2ℵ0.
(3) Every infinite X ⊆ Rn has an independent subset Y ⊆ X such
that |Y | = |X|.
The implications (3) =⇒ (2) =⇒ (1) are known; the new part of
Theorem 2 is the implication (1) =⇒ (3). The proof of this implication
relies on results from [4]. We take this opportunity to prove some
additional results about algebraic hypergraphs that follow without too
much trouble from what is in [4]. In §1 we make explicit what we are
calling a deconstruction of algebraic hypergraphs that was only implicit
in [4]. In §2 we review some material from [4] about chromatic numbers
of algebraic hypergraphs, and then make some new observations about
the chromatic numbers of their induced subhypergraphs and also about
getting a single proper coloring for many hypergraphs at once. The
proof of Theorem 2 is then completed in §3.
2 What we are calling k-hypergraphs are often referred to as k-uniform hyper-
graphs. Thus, any hypergraph referred to here is understood to be a uniform
hypergraph.
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§1. The deconstruction of algebraic hypergraphs. In this sec-
tion we will make explicit in Theorem 1.1 a result that was previously
only implicit in [4].
Recall that ifH0 = (V0, E0) andH1 = (V1, E1) are two k-hypergraphs,
then H0 is a subhypergraph of H1 if H0 ⊆ H1 and E0 ⊆ E1. If, in
addition, V0 = V1, then H0 is a spanning subhypergraph of H1, and if
E0 = E1∩ [V0]
k, then H0 is an induced subhypergraph of H1, in which
case we write H0 = H1[V0].
We will define templates and their hypergraphs as was previously
done in [4, §2]. If d < ω and 2 ≤ k < ω, then a d-dimensional
k-template is a set P of d-tuples such that |P | = k. If P,Q are d-
dimensional k-templates, then f : P −→ Q is a homomorphism from
P to Q if f is one-to-one and whenever x, y ∈ P , i < d and xi = yi,
then f(x)i = f(y)i. If there is such a homomorphism, then Q is a
homomorphic image of P . The d-dimensional k-templates P,Q are
isomorphic if there is a one-to-one function f : P −→ Q such that
whenever x, y ∈ P and i < d, then f(x)i = f(y)i iff xi = yi.
Suppose that P is a d-dimensional k-template. Let X0, X1, . . . , Xd−1
be arbitrary sets, and letX = X0×X1×· · ·×Xd−1. Then the template
hypergraph L(X,P ) is the k-hypergraph (X,F ), where F is the set of
those Q ∈ [X ]k that are homomorphic images of P .
The two theorems of this section make use of a mild generalization
of template hypergraphs. Suppose that X = X0 × X1 × · · · × Xd−1
and that P is a set of d-dimensional k-templates. Then the multi-
template hypergraph L(X,P) is the k-hypergraph (X,F ), where F
is the set of those Q ∈ [X ]k that are homomorphic images of some
P ∈ P. In other words, H is a multi-template hypergraph iff it is
the union of finitely many spanning subhypergraphs each of which is a
template hypergraph. Notice that an empty P is allowed. All multi-
template hypergraphs with vertex-set Rd are algebraic, and, as such,
are especially simple ones. The next theorem shows that they are also
quite fundamental.
Theorem 1.1: Suppose that H = (Rn, E) is an algebraic k-hypergraph.
There is a countable collection A of sets such that Rn =
⋃
A and for
each A ∈ A, H [A] is isomorphic to an algebraic multi-template k-
hypergraph.
The previous theorem shows that every algebraic k-hypergraph can
be deconstructed into countably many k-hypergraphs that are isomor-
phic to especially simple algebraic k-hypergraphs. The next theorem
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says that Theorem 1.1 can be generalized by considering many alge-
braic hypergraphs simultaneously, provided we allow a commensurately
larger number of subsets. Theorem 1.1 is a consequence of Theorem 1.2,
so we will forgo proving Theorem 1.1 and then give a sketch of the proof
of Theorem 1.2.
Theorem 1.2: Suppose that 1 ≤ n < ω and ℵ0 ≤ κ ≤ 2
ℵ0. Suppose
that H is a set of algebraic hypergraphs H = (Rn, E) such that |H| ≤ κ.
Then there is a collection A of sets such that |A| ≤ κ, Rn =
⋃
A and
for each A ∈ A, there are d < ω and g : A −→ Rd such that for
all H ∈ H, g is an isomorphism from H [A] to some algebraic multi-
template k-hypergraph L(Rd,P).
Proof. (We closely follow the proof of (3) =⇒ (1) of Theorem 3.2 in
[4].) Let n, κ and H be as given. If κ = 2ℵ0, then the existence of A
is trivial as we can let it be the set of all singleton subsets of Rn. So
assume that κ < 2ℵ0. Let F ⊆ R be a real-closed subfield of R such
that |F| = κ and each hypergraph in H is defined by a polynomial all
of whose coefficients are in F. We can now assume that H is just the
set of all algebraic hypergraphs (Rn, E) defined by polynomials over F.
Let T be a transcendence basis for R over F such that whenever
x < y ∈ R, then |(x, y) ∩ T | = 2ℵ0 . For a ∈ Rn, let supp(a), the
support of a, be the smallest subset S ⊆ T such that a is algebraic
over F ∪ S.
Suppose a ∈ Rn. We say that f is a determining function for a if
supp(a) = {t0, t1, . . . , td−1} and there are rationals q0, q1, . . . , qd−1, r0, r1,
. . . , rd−1 such that:
• q0 < t0 < r0 < q1 < t1 < · · · < qd−1 < td−1 < rd−1;
• f : (q0, r0)× (q1, r1)× · · · × (qd−1, rd−1) −→ R
n;
• f is an F-definable3, analytic function that is one-to-one in each
coordinate;
• f(t0, t1, . . . , td−1) = a.
For each a ∈ Rn, let fa be a determining function for a. Since each
fa is F-definable and |F| = κ, then |{fa : a ∈ R
n}| ≤ κ. For each
a ∈ Rn, let Aa = {b ∈ R
n : fa is a determining function for b}. Let
A = {Aa : a ∈ R
n}. Clearly, |A| ≤ κ and Rn =
⋃
A.
Consider some Aa ∈ A. Let d < ω and dom(fa) = (q0, r0)×(q1, r1)×
· · · × (qd−1, rd−1), For i < d, let Xi = (qi, ri) ∩ T . Then |X0| = |X1| =
· · · = |Xd−1| = 2
ℵ0. Let X = X0 × X1 × · · · × Xd−1. Then fa ↾ X
3That is, f is definable in the real ordered field (R,+, ·, 0, 1,≤) by a first-order
formula with parameters from F.
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is a bijection from X to Aa. For i < d, let hi : Xi −→ R be a
bijection, and then define h : X −→ Rn so that h(x0, x1, . . . , xd−1) =
〈h0(x0), h1(x1), . . . , hd−1(xd−1)〉. Hence, h : X ∈ R
d is a bijection. Now
let g = hf−1a ; hence, g : Aa −→ R
d is a bijection.
Now consider some H ∈ H. Let F ⊆ [X ]k be such that fa is an
isomorphism from (X,F ) to H(Aa). Each edge of P ∈ F is a d-
dimensional k-template, and every homomorphic image Q ∈ [X ]k is
also in F . Thus, (X,F ) is a multi-template hypergraph, so there is a
set P of d-dimensional k-templates such that (X,F ) = L(X,P). Then,
h is an isomorphism from L(X,P) to (Rd,P), so g is an isomorphism
from H [Aa] to L(R
d,P). 
§2. The chromatic numbers of algebraic hypergraphs. If
H = (V,E) is a k-hypergraph, then a function ϕ : V −→ C is a
C-coloring of H . The C-coloring ϕ is proper if whenever {a0, a1, . . . ,
ak−1} ∈ E, then there are i < j < k such that ϕ(ai) 6= ϕ(aj). The
chromatic number χ(H) of H is the least (finite or infinite) cardinal
κ such that there is a proper κ-coloring of H . The purpose of [4] was
to determine the chromatic numbers of all algebraic hypergraphs with
infinite chromatic numbers. This improved [3] in which those algebraic
hypergraphs having uncountable chromatic numbers were character-
ized.
If κ is an infinite cardinal, then κ+ is its successor cardinal. For n <
ω, we define κ+n by recursion so that κ+0 = κ and κ+(n+1) = (κ+n)+.
We define κ−n to be the least cardinal λ such that λ+n ≥ κ. We make
use of the symbol ∞: for any infinite κ, κ+∞ =∞ > κ and κ−∞ = ℵ0.
The chromatic numbers of some template hypergraphs are given in
the next lemma. If P is a d-dimensional k-template, then a subset
I ⊆ d is a distinguisher for P if whenever x, y ∈ P are distinct,
then xi 6= yi for some i ∈ I. We let e(P ) be the least cardinality of a
distinguisher for P .
Lemma 2.1: ([4, Th. 2.1]) If P is a d-dimensional k-template and X
is an infinite set, then
χ(L(Xd, P )) = |X|−(e(P )−1).
Corollary 2.2: Suppose that P is a set of d-dimensional k-templates
and X is an infinite set. If P = ∅, then χ(L(Xd,P)) = 1. If P 6= ∅,
then χ(L(Xd,P)) = |X|−(e−1), where e = min{e(P ) : P ∈ P}. 
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There is a certain function δ that we will use such that δ(p(x)) ∈
ω ∪ {∞} for every (k, n)-ary polynomial p(x). We leave this function
undefined for now, but do note that, by results in [3], it is (much more
than) absolute. If p(x) defines H and χ(H) is finite, then δ(p(x)) =∞.
Thus, Theorem 2.4 could be used as a definition. It is possible that
χ(H) is infinite and δ(p(x)) = ∞. For example, δ(pn(x, y, z, w)) =
δ(qn(x, y, z)) = δ(pn(x, y, z, w) · qn(x, y, z)) = ∞ even though the hy-
pergraphs they define have chromatic number ℵ0. It is proved in [5]
that when restricted to polynomials with rational coefficients, δ is com-
putable. In fact, in a sense that is given in [5], the function δ is decid-
able.
The following proposition, which is relevant to (1) and (2) of Theo-
rem 2, says exactly when δ(p(x)) = 0.
Proposition 2.3: If p(x) is a (k × n)-ary polynomial that defines
the hypergraph H, then δ(p(x)) = 0 iff H has an infinite complete
subset.
Thus, an additional equivalent could be added to Theorem 2: if p(x)
defines H , then δ(p(x)) > 0. The following is the main result of [4].
Theorem 2.4: If p(x) defines H and χ(H) is infinite, then, χ(H) =
(2ℵ0)−δ(p(x)).
A consequence of Lemma 2.1 and Theorem 2.4 is: If p(x) is a poly-
nomial that defines the template k-hypergraph L(Rd, P ), then e(P ) =
1 + δ(p(x)).
One half of the conclusion of Theorem 2.4 is the existence of a proper
(2ℵ0)−δ(p(x))-coloring of H . The proof of Theorem 1.2 in [4] shows that
often a single coloring (the master coloring) can do the job of many.
The following theorem is not explicitly stated in [4], but the special
case ([4, Coro. 3.7] of it that concerns D-distance graphs is.
Theorem 2.5: Suppose 1 ≤ n < ω, ℵ0 ≤ κ ≤ 2
ℵ0 and H is a set
of algebraic hypergraphs H = (Rn, E) such that |H| ≤ κ and χ(H) ≤ κ
for each H ∈ H. Then there is ϕ : Rn −→ κ that is a proper κ-coloring
of each H ∈ H.
Proof. Once we have Theorem 1.2, the proof is straightforward. Let
A be as in Theorem 1.2. We will define ϕ : Rn −→ C, where |C| = κ,
that is a proper coloring of each H ∈ H. Let a ∈ Rn. Choose some
A ∈ A such that a ∈ A. Then we have d < ω and g : A −→ Rd as
in Theorem 1.2. Let θ : Rn −→ κ be such that it is a proper coloring
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of each of the finitely many multi-template hypergraphs L(Rd,P) for
which χ(L(Rd,P)) ≤ κ. Then let ϕ(a) = 〈A, θg(a)〉. One easily checks
that ϕ is as intended. 
Theorem 2.6: If p(x) defines H = (Rn, E) and X ⊆ Rn is infinite.
Then χ(H [X ]) ≤ |X|−δ(p(x)).
Proof. Let H be a k-hypergraph. We can assume that χ(H) is in-
finite, as otherwise χ(H [X ]) is also finite. Hence, χ(H) = (2ℵ0)−δ(px))
by Theorem 2.4. Let A be as in Theorem 1.1. Thus, for each A ∈ A,
H [A] is isomorphic to some multi-template k-hypergraph. By Corol-
lary 2.2, for each A, either χ(H [A]) = 1 or χ(H [A]) = (2ℵ0)−(eA−1),
where 1 ≤ eA < ω. Thus, each eA ≥ δ(p(x)). It then follows from
Corollary 2.2 again, that for any infinite Z ⊆ A, χ(H [Z]) ≤ |Z|−(eA−1).
Thus, χ(H(X ∩ A)) ≤ |X|−(eA−1) ≤ |X|−δ(p(x)). Since A is countable,
it follows that χ(H [X ]) ≤ |X|−δ(p(x)). 
As a postscript, there is the following proposition that asserts that
the given bound in Theorem 2.6 is optimal.
Proposition 2.7: If p(x) defines H = (Rn, E), χ(H) ≥ ℵ0 and
ℵ0 ≤ κ ≤ 2
ℵ0, then there is X ⊆ Rn such that |X| = κ and χ(H [X ]) =
κ−δ(p(x)).
Proof. Let p(x), H and κ be as given. Let A be as in Theorem 1.1.
Let A ∈ A be such that χ(H) = χ(H [A]). There are an algebraic
multi-template hypergraph L(Rd,P) such that χ(H) = χ(L(Rd,P))
and an isomorphism g from H [A] to L(Rd,P). Since χ(H) is infinite,
P 6= ∅. Let e = min{e(P ) : P ∈ P}. Then e = δ(p(x))+1. Let Y ⊆ R
such that |Y | = κ. Then χ(L(Y d,P) = κ−δ(p(x)). Let X = g−1(Y d).
Then |X| = κ and χ(H [X ]) = κ−δ(p(x)). 
Theorem 2.8: Suppose 1 ≤ n < ω, ℵ0 ≤ κ ≤ 2
ℵ0, X ⊆ Rn,
|X| = κ and H is a set of algebraic hypergraphs H = (Rn, E) such that
|H| ≤ κ and χ(H [X ]) ≤ κ. Then there is ϕ : Rn −→ κ that is a proper
κ-coloring of each H ∈ H.
Proof. This proof is just like the proof of Theorem 2.6, but using
Theorem 1.2 instead of Theorem 1.1. 
§3. The proof of Theorem 2. This section is devoted to complet-
ing the proof of Theorem 2.
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Trivially, (1) =⇒ (2). The converse implication (2) =⇒ (1) is a
consequence of [5, Coro. 4.9], in which (2) is replaced by the seemingly
weaker
(2′) If X ⊆ Rn is algebraic and complete for p(x0, x1, . . . , xk−1), then
X is countable.
It is obvious that (3) =⇒ (2). For, if (2) fails for some X , then this X
is also a counter-example to (3). Thus, it remains to prove (1) =⇒ (3).
We will prove an apparently stronger theorem which involves many
hypergraphs simultaneously rather than just one.
Theorem 3.1: Suppose that 1 ≤ n < ω and ℵ0 ≤ κ ≤ 2
ℵ0. Suppose
that H is a set of algebraic hypergraphs (Rn, E) such that |H| < κ
and no H ∈ H has an infinite complete subset. Then, every X ⊆ Rn
such that |X| = κ has a subset Y ⊆ X such that |Y | = |X| and Y is
independent for every H ∈ H.
Proof. Fix 1 ≤ n < ω. We will prove the theorem by induction on κ.
κ = ℵ0: Let H and X be as given. By several applications of Ram-
sey’s Theorem, one for each H ∈ H, there is an infinite Y ⊆ X such
that for each H ∈ H, either Y is independent forH or Y is complete for
H . Since no H ∈ H has an infinite complete subset, Y is independent
for each H ∈ H.
κ > ℵ0: Suppose that for all smaller cardinals, the theorem is true.
Let H and X be as given. There are two cases depending on whether
or not κ is a successor cardinal.
κ is a successor cardinal: Let κ = λ+. For each H ∈ H, let pH(x) be
a polynomial that defines H and let eH = e(pH(x)). Since no H ∈ H
has an infinite complete set, then by Proposition 2.3, each eH ≥ 1.
Thus, by Theorem 2.6, χ(H [X ]) ≤ κ−δ(pH (x)) ≤ λ. By Theorem 2.8,
there is ϕ : X −→ λ that is a proper coloring of H [X ] for each H ∈ H.
Since κ is regular, we let Y ⊆ X be such that |Y | = κ and ϕ is constant
on Y . Then, Y is independent for every H ∈ H.
κ is a limit cardinal: Let λ = cf(κ), and let 〈κα : α < λ〉 be a
sequence of regular cardinals and 〈Xα : α < λ〉 a sequence of subsets
of X such that:
• if α < λ, then |Xα| = κα < κ;
• κ =
⋃
α<λ κα;
• if α < λ, then κα >
⋃
β<α κβ;
• if α < β < λ, then Xα ∩Xβ = ∅;
• κ0 > |H|.
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For each H ∈ H, let pH(x0, x1, . . . , xkH−1) be a polynomial that
defines H . For each α < λ, let Hα be the set of all hypergraphs
defined by a polynomial obtained from some pH(x0, x1, . . . , xkH−1) by
substituting some elements of
⋃
β<αXβ for some (but not all) of the
variables x0, x1, . . . , xkH−1. For example, H0 = H, so |H0| < κ0. If
0 < α < λ, then |Hα| ≤
⋃
β<α κβ. Thus, |Hα| < κα for all α < λ.
Notice that no hypergraph in any Hα has an infinite complete subset.
By the inductive hypothesis, we can get Yα ⊆ Xα, for each α < λ,
such that |Yα| = |Xα| and Yα is independent for all hypergraphs in Hα.
Let Y =
⋃
α<λ Yα. Then Y ⊆ X and |Y | = |X|. We claim that Y is
independent for each H ∈ H. The claim is easily proved by showing by
induction on α < λ that
⋃
β<α Yβ is independent for each hypergraph
in Hα. 
We conclude with a sample corollary of Theorem 3.1.
Corollary 3.2: Suppose that 1 ≤ n < ω. Every uncountable
X ⊆ Rn has a subset Y ⊆ X such that |Y | = |X| and Y has no
algebraically dependent distances. 
To clarify the conclusion of this corollary, it means: whenever {a0, b0},
{a1, b1}, . . . {am, bm} ∈ [Y ]
2 are distinct, then ‖am−bm‖ is not algebraic
over {‖ai − bi‖ : i < m}.
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